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We determine within an accuracy of ~10% the abschite magnitude of the quadratic effeclive coefficients of
types I and II phase-matched second-harmonic generation {rom conversion efficiency measurements in a single
nonltinear crysial cui as a sphere. The agreemeni is good with measurements performed in thin parallelepi-
pedal samples. The malterial studied is KTiOPO,, for which improved Sellmeier equations are given.
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1. INTRODUCTION

Knowledge of the absolute magnitude and the relative
gign of the independent coefficients of the second-order
electric susceptibility tensor ¥ =1/2x%'] is of prime im-
portance for qualification of 2 new nonlinear crystal and
also for fundamental engineering of nonlinear-optical ma-
terials. However, measurement of quadratic nonlinear
coefficients stiil presents a problem: There are often dis-
parities between published values relative to the same
crystal, even if the erystal, such as KTiOPQ, (KTP), has
iong been commonly used in efficient devices.!™?

The disagreement of various absolute magnitudes
sometimes arises from the fluctuation of the crystal qual-
ity, but it is often the resuit of the measurement tech-
nigue. All the measurement methods are based on the
powers of incident and generated beams. Two tech-
niques use non-phase-matched second-harmenic genera-
tion (SHG): The harmonic signal oscillates as a conse-
quence of the rotation of a parallelepiped (Maker—Fringe
technigue) or of the translation of a prism (prism
technique).® SHG is also used with a parallelepipedal
crystal cut in a phase-matching direction that leads to
higher conversion efficiency than the non-phase-matched
interactions.”  Another technique uses parametric
fluorescence.’

The volume of material required for performing the es-
sential measurements for accurate determination of the

"'basic optical properties of a new nonlinear crystal at an

early stage of its growth is important. Among these
properties are its Sellmeier’s equations, phase-matching
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direetions and the associated cffective coefficients, and
the absolute magnitude and the relative sign of the non-
linear coefficients in the transparency range. Determi-
nation of Sellmeier’s coefficients requires two or three
millimetric samples cut as a prism (angle of minimum de-
viation) or as a strip (total reflection angle). The hest ac-
curacy is ~107% in the visible range and 107% in the in-
frared range; these values are not sufficient to permit us
to calculate a phase-matching direction successfully. [t
is then necessary to rotate the crystal cut in the calcu-
lated phase-matching direction, or, when the rotation is
not sufficient, to cut several samples in different direc-
tions to measure the phase-matching direction. New
methods are baged on the use of spheroidal® or spherical®
geometries, which provide accurate phase-matching
angles. One millimetric sample permits the determina-
tion of any phase-matching direction with the orientation
symmetry as the only initial datam. That kind of mea-
surement permits improvement of the Sellmeier equa-
tions obtained by the mwethods deseribed above. The
magnitude and the relative sign of the independent d'®
coefficients are often measured by non-phase-matched
SHG, which requires two or three millimetric parallepipe-
dal erystals. The phase-matched SHG method is more
accurate but requires study of as many directions as there
are independent tensor coefficients, which one usually
does with several strips.

SHG conversion efficiency in a sphere can lead to the de-
termination of the absolute magnitude of the effective co-
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‘We show here that measturement of the phase-matehed™
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efficient d . of the subject phase-matching direction with
an accuracy of ~10%. The best accuracy that we can
achieve in a thin strip is ~5%.% As for the classical
methods using parallelepipeds, it is necessary to know
the refractive indices to be able to calculate the theoreti-
cal SHG conversion efficiency.’%!!  However, we are in-
terested in a sphere because for a sphere it is possible to
measure the SHG conversion efficiency in all the desired
phase-matching directions. Then a judicious choice of
several types I and 1T phase-matching directions permits
the determination of the absolute magnitude of the inde-
pendent df-}’ coefficients, with only one crystal. We
showed previously that the sphere method is suitable for
determination of the relative sign of the independent
™ coefficients; we established, for the first time to our
knowledge, that d 5, da, and dgg of KTP have the same
sign® We used halide flux-grown KTP crystals,'? for
which we propose accurate Sellmeier equations from mea-
surements of the optical axis and the phase-maitching
angles, 111317

2. REFRACTION

We consider a spherical anisotropic medium. Any direc-
tion of propagation, with the spherical coordinates (4, ¢,
is characterized by two refractive indices, n7(8, ¢) and
n (8, ¢), which eorrespond to the two polarization eigen-
modes. n” and n” are described in Appendix A.

The sphere is illuminated with a Gaussian laser beam.
Then, according to the ABCD ray matrix of the sphere,
ie.,

1 0
1-n 1
nk  n

where R is the sphere’s radivs, the refracted beam pa-
rameters (w,’, d'), defined in Fig. 1, are related to the
incident beam parameters {(w,, d) by the following

equations!®:
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parameters, D is the sphere diameter. The origin of the
d, d' axis is taken as the entrance surface of the sphere.
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Fig. 2. Refracted Gaussian beam parameters in the sphere
(w,', d'} celeulated for incident beam radius wy = 31.6 um.
d = 0 correspends {o an incidenl beam waislt located at the
sphere entrance. The focusing parameterisf = d'/D, so the re-
fracted beam waist is at the sphere entrance for f = 0 and at the
exit for f = 1.

where w, is the radius of the incident beam waist, d is the
distance between the incident waist and the sphere en-
trance,n = n" orn = n" Is the refractive index, and X is
the wavelength. The distance d' is usually expressed in
terms of the focusing parameter, £ = d'/D, where D is
the sphere’s diameter.

We take the example of a direction in KTP at (¢
= 58.5°, ¢ = 0°). This direction is assumed in parts of
Sections 3 and 4 below. In this direction the refractive
indices of the eigenmedes are n* = 1.7962 and n~
= 1.,7406. The corresponding refracted beam param-
eters are w, ” = 1863 um, w,” = 19.27 um, 4’7
= 258 mm, and d'~ = 2.56 mm, corresponding to f~
= (0,540 and f7 = 0.536 calculated from relations {1)
with w, = 316 um, d = —1.5 mm, A = 1,32 um, and
R = 2,39 mm. It appears that the eigenmode param-
eters are very close together, which is always the case for
the typical situations that we study. It is then a reason-
able approximation to consider that the two eigenmodes
are identically refracted in the sphere, with the param-
eters w,” and d’ calculated from the average value of
n™ and n", which for the situation previously consider-
ed yields n = 1.768, w,” = 1895 um, and f = 0.538.
w,' and [ are plotted in Fig. 2 as a function of d.

3. PHASE-MATCHED SHG

A. Gaussian Model
Phase matching is suitable for the determination of non-
linear coefficients because it provides high SHG conver-
sion efficiency. It ig then possible of use a ew fundamen-
tal beam and get a harmoniec signal that can easily be
detected. This possibility is of prime interest because the
temporal shape of a pulsed beam often leads to uncertain-
ties in the calculation of the instantaneous power,

If the incident fundamental power is sufficiently low to

“yalidate the Undepleted-purp approximation, it s pess

sible to make an accurate model of SHG, even if there is
angular walk-off and if the crystal length is larger than
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Fig. 3. Type II phase-matched SHG conversion efficiency at the
sphere exil as a function of the focusing conditions for an inci-
dent power of 648 £ 30 mW at 1.32 um.
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Fig. 4. Type I phase-matched SHG conversion efficiency at the
sphere exit as a function of the focusing conditions for an inci-
dent power of 613 2 30 mW al 1.32 um.

the Rayleigh length inside the crystal. In that case the
SHG conversion efficiency for TEM;, Gaussian beams is
expressed as'®

P2<0(L)
Pw(o)

L(Ly wu,) P f\, Ak)

J
= CLP“(0) 5
Cos™ po,,

Papall) =

(2)

where all parameters are detailed in Appendix B,

In this model the two fundamental beams are assumed
o be refracted with the same beam radius and the same
Rayleigh length. For type I this is so because the two
fundamenta! beams have the same polarization. For
type II the model is an approximation because the two re-
fractive indices n~ and a~ at the fundamental wave-
length are required. In fact, for typicai vahues of birefrin-
gence n” — n”, the associated refracted parameters
(w,", d')" and (w,’, d')” are close; thus it is possible to
consider an average Rayleigh length 2,/ = w(n]
+ n)w, 22\, for the caleulation of type I SHG conver-
-gion-efliciency. - Note-that-this-approximation-is consis-
tent with those made for the caleulation of refraction in
the sphere. The validity of this model has been proved
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by systematic experiments using paralielepipedal KTP
crystals for different lengths and beam geometries.'?
The two kinds of experiment described below indicate
that the Gaussian model is also valid for phase-matched
SHG in a sphere.

B. Focusing Conditions

In Figs. 3 and 4 are plotted the measured and calculated
1.32.pm SHG conversion efficiencies as a function of d,
the distance hetween the incident beam waist and the
sphere entrance, for the two phase-matching directions of
type I and II of highest efficiency.

Distance d is measured by a micrometric translation
associated with a sighting telescope. The radius of the
incident beam is w, = 31.6 um, measured by an accurate
method that we developed previously.?

The effective coefficient d.r used for the calculated
curve is normalized to the measured curve at the opti-
mum of efficiency. The d evolution is then calculated
from Egs. (2) and (B1) and (B2) below at the optimum
mismatch and with the refracted beam parameters ob-
tained from Eqgs. (1). The corresponding refractive indi-
ces and walk-off angles, which are given in TFable 1, arise
from the new Selimeier equations!'®:

0.1427452 0.8737002
+
AZ — 18477 A% - 0.045908°

nxz(?\) = 21239 +

0.15529x2 0.9546312
+ 1
A%~ 19373 A% - 0045505

n,2(N) = 2.0649 +

0.347672% 1.6482x2

+ .
A% - 29378 A% - 0.038825
(3)

n2(N) = 1.6539 +

We have established Eqgs. (3) from optical axis and phase-
matching direction angles between 0.5 and 2.5 pm. 2 11E17
These measurements provide an accurate relative magni-
tude of the principal refractive indices. We then ob-
tained the absolute value by taking n, and n, equal to the
values given at 1.832 pm in Ref. 21.

The agreement between experiment and calculation is
very good for type I over the entire d range considered.
For type I the agreement is good between —6 mm and
0; we have no satisfactory explanation for the discrepancy
over the positive range.

C. Angular Bandwidths

Another good way to illustrate the validity of the Gauss-
ian mode} for the sphere is to consider the angular varia-
tion of the SHG conversion efficiency around a phase-
matching direction. Figures 5 and 6 concern 1.064-um
type I SHG in the a-& and b~c planes of KTP, The cal-
culation is performed from Egs. (1), (2), (B1), and (B2},
with the refractive indices and walk-off angles calculated

—from-Eqgs:-(3)-and-given-in-Table 1.~ The- experimental -

and calculated curves are normalized. This study is in-
teresting because it shows that there is a good agreement-
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Table 1. Calculated Refractive Indices (n;) Total Transmission Coefficient (T), Walk-Off Angle {p), Field
Factors (F;), and Aperture Functions (k) Corresponding to the Phase-Matching Directions Studied
8, o)

For Type II SHG
(1.32 psm > 0.66 um)

Parameters Used

for Caleulations 0= 58.5°, & = 0°

0= 49.4°, & = 90°

0= 36.7°, ¢ = 34°

TFor Type 11 SHG
For Type I SHG {1.064 um — 0.532 um)

(1.32 - 0.86 pm)

8 =90° ¢ =231 O =0683° ¢ = 80°

" 1.7406 1.7339
ny" 1.7962 1.7858
nglv 1.7684 1.7599
T2 “Ty = T 0.7862 0.7894
e (%) 2.57 2.59
Fus 0 0.7286
Foy 0.8282 0
Fg, 0 0
Fay 0 0
Fa 0 0
Top s 0.0142 0.0140
sphere,
(D = 4,78 mm)
Parallelepiped 0.04898 0.04909

(L = 0492 mm) (L = 0.492 mm)

17654 1.7453 1.7393
17654 1.8294 18185
1.7654 1.7873 1.7789
0.7873 0.7791 0.7823
2,12 0.23 1.81
0.4446 0.1789 0.8196
-0.4658 0.8211 0
0.02315 0 0
0.01700 0 G
0.01819 0 o
0.1843 0.550 0.0163
0.09284 0.07345 0.05772

{L = 0.930 mm) {L = 0.891 mm} (L = 0.891 mm)

13 is the sphere diameter and L is the length of parallelepipeds.
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Fig. 6. Angular variation of type II SHG conversion efficiency
near a phase-maiching direction with a walk-off angle of 1.81°,

between experiment and calculation over a broad range of
walk-off angles, i.e., from 0.23° to 1.81°. We also give the
calculation performed with the plane-wave model.?? The
discrepancy is large in the &--¢ plane, where the walk-off
angle is high, indicating that the angular bandwidth is
sensitive to the beam geometry and to the walk-off angle.

4, MEASUREMENT OF THE NONLINEAR.
COEFFICIENT

The studies described in Sections 2 and 3 indicate that de-
termination of the absclute magnitude of the effective co-
efficient d.4 in any phase-matching direction is possible
from 2 sphere experiment modeled by the ABCD ray ma-
trix law and the SHG Gaussian model. This is confirmed
by the relative effective coefficients measured in & sphere
and a parallelepiped for five different phase-matching di-
rections. The corresponding ratios are given in Table 2,
according to the measured relative powers and by use of
Eq. (2); all the calculated parameters are given in Table 1.
The agreement between the sphere and the parallelepi-
ped is satisfying for type I experiments. For type I the
sphere measurements led to an effective coefficient a hit
smalier than the value obtained with a parallelepiped.
This discrepancy could be connected to the existing one
for the SHG efficiency experiments as a function of d in
the positive range, as shown in Fig. 4.

In Table 3 we give the absolute fundamental and har-
monic powers of the three SHG experiments at 1.32 pm in
spheres and parallelepipeds at the optimum of conversion
efficiency. The absolute values of the corresponding ef-
fective coefficients, listed in Table 4, are determined from
these data and by use of Eg. (2) with the calculated pa-

“rameters of Table 1. The absolute values of dis, day,

and di; are then determined from the following
equation33:
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Table 2, Comparison of Effective Coefficients Determined by Sphere

and Parallelepiped Experiments, dEPere/gparaliciepiped

Type 11, .66 um Type I, 0.66 ym Type II, 0.532 um
¢ = 58.5°, ¢ = 0° 8= 494°, ¢ = 90° 0= 36.7°, ¢ = 34° g =90°, ¢ = 23.1° 0= 68.3°, ¢ = 90°
1.05 x 0.15 1.03 = 0.15 0.99 * 0,12 1.04 = 0.09 1.05 x 0.08

Table 3. Fundamental (P*) and Harmonic {P**) Powers of Three 1.32-um SHG Experiments
Performed in Spheres and Parallelepipeds

Parallelepiped Sphere
Type 11 Type I Type 11 Type 1
8 = 585, = 0° = 49.4°, & = 90° (6= 36.7°, 4= 885°% ¢=190° 8§ = 49.4°, ¢ = 90° (6= 36.7°,
Power & = 34°) ¢ = 34°)
P¥ (mW} 557 + 30 551 = 30 613 x 30 518 * 24 533 = 24 576 = 30
P (nW) 372 1 14 729 * 30 422 & 19 994 + 60 204 = 8 236 x 11
Table 4. Absolute Effective Coefficients and d;; Coefficients Measured from Sphere
and Paralielepiped Experiments
Absolute Coefficients
Frem 1.32-pm SHG Prom 1.32-pm SHG From Miller’s Rule
d*? Coefficients Experiments Experiments According to 1.064-um
at 0.66 um (pm/V) in Spheres in Parallelepipeds SHG in Parallelepipeds®
deg'(8 = 585, ¢ = 0°) 205 = 0.18 196 = 0.14 2.08 x 0.1%
doal8 = 48.4°, ¢ = 90°) 0.90 = 0.07 087 = 0.06 0.97 =+ 0.05
den-'(.ﬂ? = 36.7°, ¢ = 34°) -0.249 = 0.019 -0.315 + 0.022 ~0.322 * Q.016
dis 1.24 = 0.10 1.19 = 0.08 1.33 =+ 0.07
day 247 = (.19 237 & 017 251 = Q.13
dag 154 * B3 106 =75 10,0 = 58

“The values deduced from Miller's rule come from Ref. 3.

dgy = di. /FL uniaxial character of KTP, ie, (n, — nJ/n, — n,,)

e e = 0.I. However, the measured magnitude of d 4, is sig-

nificant, especialiy because the agreement is good be-

tween the parallelepiped experiments at 1.064 um (Ref. 3)

I [ . ] : and 1.82 pm according to Miller's rule, as is shown in

dog = dis(Fi5 + Fgy) = doa(Fpq + Fyy) Table 4. Note that we had underestimated the uncer-
Fi ) “ tainty of dgy in our previous paper.?

w gl 11
dys = dey, /F1s,

dyg =

The expressions for the various field factors F; are
given in Appendix C. The indices a—c and b—c¢ refer to 5. CONCLUSION

the principal planes according to the convention given in We have shown that quadratic nonlinear cocfficients can
Appendix A. The coefficient day is calculated from dlﬁ«, be determined with an accuracy of ~10% from phase-
di5, and doy4, assuming a Kleinmann approximation, i.e., matched SHG conversion efficiency measurements per-
dis = da; and dsay = dzp.  All these coefficients have the formed in a millimetric single crystal cut as a sphere.
same sign, as was clearly established in a previous These values are in good agreement with those deter-
paper.3 mined with parallelepipeds for type II SHG. It is less

Because of the values of d 4y, the agreement between satisfactory for type I, but it is difficult now to improve
the sphere and the parallelepiped is good for d;5; and the model to correct the effective coefficient shift. Doing
dgq, but is unsatisfactory for das. so would regquire other measurements with different

Furthermore, the accuracy of dgs is not good because it beam geometries and sphere diameters and with other
includes not only the accuracy of dly but also those of crystals. These first results of absolute measurements of

A5 and dyy; this is true especially when the magnitude of  d‘® cocfficients are encouraging. We could attempt to

Fyy is very small.  This situation is inherent in type I generalize the use of the spherical geometry for non-

KTP, for which Fy,, Fya, and Fg are less than 1 order of phase-matched SHG and parametric fluorescence. But a
magnitude smaller than Fi; and Fyy because of the quasi- limitation will probably exist because of the weak effi-
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ciency of these interactions: The generation of a measur-
able signal requires high intensities, which conid damage
the sphere.

APPENDIX A

n”* and n” are the two solutions of Fresnel’s equation:
9 2

n

= _B:(Bﬂ_4c)ll2 '
B= -2 b +e)~ u_,.z(a +¢) — uzz(a + b)),

2

C = ulbe + wtae + u,tab,

a=n,%w), b= 11,,‘2{w), ¢ = n, Hw),
' (A1)

where n{w), n,(w), and n,(w) are the principal refrac-
tive indices of the index ellipsoid at the cireular frequency
o in the optieal frame (x, ¥, ). In the case of KTP, this
frame corresponds fo the crystallographic frame
(@, b, ¢}, where ¢ is the binary axis. (u,, u,, u,) are
the Cartesian coordinates of the unit wave vector & re-
lated to the spherical coordinates (8, @) by

u, = ¢os A,
(A2)

i, = ¢0s ¢ sin 6, u, = sin ¢ sin &,

APPENDIX B
The parameters of formula (2) for the calculation of the
SHG conversion efficiency with Gaussian beams are
2N = 1 dign{ + n§ T3T{TS
N &2 2 nsvniny

C=595x%x 102

(per watt meter). (B1)

N is the number of independently oscillating modes at the
fundamental wavelength. Every longitudinal mode at
the harmonic pulsation can be generated by many combi-
nations of two fundamental modes. The (2N — 1)/N
statistical factor takes into account the fluctuations be-
tween these longitudinal modes. P“(0) is the total inci-
dent fundamental power {(in watts)y P,“(0) = P,*(0)
= PY0)/2. wq' (meters) is the beam radivs, which is
agsumed to be the same for the two fundamental beams
inside the crystal, that of the harmonic beam being
we'/¥3. L {meters) is the erystal length in the direction
of propagation. n,2*, n,“, and n,“ are the refractive in-
dices at the harmonic and fundamental wavelengths X,
and A, (micrometers). For the phase-matching case,
n3?® = n"{20), 1Y = ny” = n(w) for type I and n,®
= n*(w) # ny” = n"(w) for type 1. Ty, T:“ and
Ty* are the tiransmission coefficients given hy T;
= dn;/(n; + 1)%  dyy(picomeiers per volt) (= 1/2xy.p is
the effective coefficient: d.q = FPd® is the tensorial
contraction of d* (picometers per volt) and of the field
tensor F'? in the direction of propagation considered.
The field tensor is defined as the tensorial product of the
three interacting unit electric field vectors.”® p,,, is the

“~harmonic double:refraction-angle: (The field tensors and -

double-refraction angles are defined in Appendix C.)
(L, wy', p, f, Ak) is the aperture function, given by™
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220’ \r'i'"l: hid 2
R(L, w,/, g, f, Ak) = 2 Hia)
X exp({—4ada,
with
Ll ~ fifz," dr

1
Hia) = — —T
ta) NG jwﬂ,lzﬂ' 1+ i

. (B2)

T\ 2
-—y2('r + g—,} - iaT

o

X exp

For type l, ¥ = 0, o = Akz,” + 4(pz,'fv,")a; for type
U, v=pz,'fw,' 2, o= Akz," + 2(pz,"fw,)a. The
walk-off angle p is defined by the maximum difference be-
tween the angles of double refraction of the three waves
in the direction considered. The focusing parameter
f = d'/L gives the position of the beam waist inside the
crystal, as defined above. Ak is a mismatch parameter,
which takes into account the distribution of the mis-
match, including collinear and noncollinear interactions,
that is due to the divergence of the beams.

APPENDIX C

The field factors are expressed as
Fis46, ¢) = 2¢.” (2w, 6, dle."(w, 0, dle, (w, 8, ¢),
Foie, §) = 2,7 (2w, 8, dle, (1w, 6, dle,"{w, 0, $),
Fy X8, ) = ¢, (20, 6, ¢)e, (w, 8, ¢)]%,
Fal(8, &) = e, (20, 6, $)e, (@, 6, $)1%,
Fyl(6, ¢) = e.” (2w, 6, $)le."(w, 6, )1,
Fist(0, ) = e, (20, 8, e (w, 6, dle, (, 6, $)
+ e, (@, 8, e, (o, 8, ¢)],
Foll(0, &) = e, (2w, 0, $)e,*(w, 6, D, (w, 8, &)
+ e, (w, 6, dle,T(w, §, ¢,

where e,* and e,” with p = (x, y, 2} are the Cartesian
coordinates of the unit electric field vectors e™ and ¢~ cor-
responding to the refractive indices n* and n~ defined in
Appendix A,

The unit electrie field vectors é* and &~ are caleulated
from the propagation equation projected on the three axes
of the optical frame. We obtain, for each wave, three
equations that relate the three components (e, , e,, ¢,) to
the unit wave vector components {(u,, u,, u,):

(n=)%e,™ = uplu,e, = + ue,* + ue, *)]

= (ny)%e, *,
(p=x0u92) (e, ") + (g, ") + (e, " )P = L
The double refraction angle associated with the two
eigenmodes can be calculated by

i P E{w) = £ arccos(éF{w) . Blw)] - s(m2), .

where & is the sign of the direction of optical propagation
e, #).
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